Reflection features commonly observed in the X-ray spectrum of black holes can be used to probe the strong gravity region around these objects. In this paper, we extend previous work in the literature and we employ the first full emission model for relativistic reflection in non-Kerr spacetime to test the Kerr black hole hypothesis. We analyze a composite spectrum from the detector RXTE PCU-2 of the stellar-mass black hole GX 339-4 in its brightest hard state. With an unprecedented sensitivity of ∼ 0.1% and 40 million counts to capture the faint features in the reflection spectrum, we demonstrate that it is possible with existing data and an adequate model to place constraints on the black hole spin a * and the Johannsen deformation parameter α13. For a Kerr black hole of general relativity, α13 = 0. Our measurement, which should be regarded as principally a proof of concept, is a * = 0.92
I. INTRODUCTION
Einstein's theory of general relativity (GR hereafter) was proposed at the end of 1915 [1] and is currently the standard framework for the description of gravitational fields and the chrono-geometrical structure of spacetime. While largely successful, application of Einstein's theory to our Universe has led to some unexplained phenomena, e.g., dark energy. Even on purely theoretical grounds, there are issues like the presence of singularities and the difficulty in finding a good theory of quantum gravity. A number of extensions and modifications of GR have been proposed to deal with these issues. Most of these alternative theories have the same predictions as Einstein's gravity for weak fields and present deviations only when gravity becomes strong 1 . Thanks to the advent of new observational facilities, there is today an increasing interest in the possibility of testing GR in the strong gravity regime [3] [4] [5] [6] [7] [8] . Black holes are the most interesting candidates for such strong gravity tests.
Black holes are extremely compact objects in which matter has collapsed to a singularity. Today we have a body of observational evidence strongly supporting the existence of dark and compact objects within our Galaxy and across the Universe which can be interpreted as the black holes of Einstein's theory. They are found in various scenarios, like stellar collapse [9] , within galactic centers [10] , and mergers [11, 12] . In 4-dimensional GR, the only stationary and asymptotically flat vacuum (electrovacuum) black hole spacetime with a regular exterior region is described by the Kerr (Kerr-Newman) solution [13, 14] . It is also intriguing that these black holes are extremely simple objects, being defined by not more than three parameters: mass M , spin angular momentum J, and electric charge Q [15] [16] [17] [18] .
It is a remarkable fact that the spacetime metric around astrophysical black holes is well described by the Kerr solution. As soon as a black hole is formed, initial deviations from the Kerr metric are quickly radiated away with the emission of gravitational waves [19, 20] . The equilibrium electric charge is extremely small for macroscopic objects and completely negligible for the metric of the spacetime [21] . Accretion disks typically have a mass of many orders of magnitude smaller than the central object and their impact on the background metric can be safely ignored [22, 23] . Eventually, macroscopic deviations from the Kerr spacetime would only be possible in the presence of new physics, such as classical extensions of GR [24] , macroscopic quantum gravity effects [25] [26] [27] , or in the presence of exotic matter [28, 29] . These deviations would affect the spacetime in a variety of ways and by probing the spacetime geometry, one can identify the deviations and thus test the extensions and modifications of GR.
Currently, there are two approaches for probing the spacetime geometry: electromagnetic radiation [30] [31] [32] and gravitational waves [33, 34] . With the electromagnetic approach, currently there are two leading techniques to probe the spacetime geometry around a black hole: the study of the thermal spectrum of thin disks (continuum-fitting method) [35] [36] [37] and the analysis of the relativistically smeared reflection spectrum of thin disks (reflection method, often called the iron line method) [38] [39] [40] . Both techniques have been developed for measuring black hole spins under the assumption of Kerr background and can be naturally extended for testing the Kerr metric [41] [42] [43] [44] [45] [46] [47] [48] . The reflection method has some advantages over the study of the thermal spectrum. The former can be easily applied to both stellar-mass and supermassive black holes, while the latter is only observable in stellar-mass black hole systems. The simple shape of the thermal continuum is advantageous for measuring spin (when assuming a Kerr geometry and fitting two parameters), but not suitable for probing higher order structures including searches for deviations from Kerr. In contrast the reflection spectrum has a distinct structure with a number of prominent features, e.g. fluorescent lines and absorption edges. Thus, in the presence of high quality data and the correct astrophysical model, the reflection method is potentially quite a powerful tool to constrain the metric around black holes (see, for instance, Refs. [49, 50] ). The current limitation of the technique is mainly the uncertainty in the astrophysical model (e.g., the coronal/disk geometry and dynamics of the corona).
The content of the paper is as follows. In Section II, we review parametrically deformed Kerr metrics and describe a non-Kerr metric that we implemented in our reflection model. We review the technique of X-ray reflection spectroscopy and our reflection model in Section III. Section IV describes the observations, data reduction, and outlines our procedure for combining the individual spectra into the composite spectrum. Our fitting procedure and results of the constraint of the deformation parameter and the spin parameter appear in Section V. We draw our conclusions in Section VI.
Throughout the paper, we employ units in which G N = c = 1 and the convention of a metric with signature (− + ++).
II. TESTING THE KERR PARADIGM
There are two natural strategies to test the Kerr black hole hypothesis. In the top-down approach, we begin with a specific modified theory of gravity which has solutions mimicking black holes. These solutions' differences from the Kerr solution are parametrized by one or more deformation parameters. In this approach, testing astrophysical data for the presence of deformation parameters amounts to testing the specific modified theory. This approach is the most logical, but it typically presents two problems. Firstly, there are a large number of modified theories of gravity and there is no clear preference for any one of them, so the search for deformation parameters has to be repeated for every theory. Secondly, black hole solutions are known in very few modified theories of gravity, and in many of those only the non-rotating and the slow-rotating solutions, while fast rotating black hole solutions, preferred observationally, are known only in exceptional cases.
In the bottom-up approach, we consider a phenomenological parameterization of the Kerr metric, which in principle should be able to describe the spacetime of any possible black hole in any possible gravity theory (in practice, bottom-up metrics describe black hole metrics with a range that encompasses a variety of, but not all, alternative theories). A number of deformation parameters are used to quantify possible deviations from the Kerr metric, and analysis of astrophysical data constrains potential deviations from the Kerr solution in a model-independent way.
The bottom-up approach is analogous to the Parametrized Post-Newtonian (PPN) formalism [2] that has been successfully employed to test the Schwarzschild solution in the weak field limit with Solar System experiments over the past several decades. Within the PPN framework, we write the most general static, spherically symmetric, and asymptotically flat metric in terms of the expansion parameter M/r , where M is the mass of the central object and r is some radial coordinate. When arranged in the Schwarzschild coordinates, the line element reads
The second term in g tt , i.e. 2M/r, is required to recover the Newtonian limit. β and γ are free parameters to be measured by experiments. The only spherically symmetric vacuum solution of Einstein's equations is the Schwarzschild metric and it requires β = γ = 1. Other theories of gravity may have a different spherically symmetric vacuum solution, and in this case β and γ may not be exactly 1. Current observational data in the Solar System provide the following constraints on β and γ [51, 52] 
confirming the validity of the Schwarzschild solution in the weak field limit within the precision of current observations.
There are several proposals for bottom-up metrics, the most extensively employed ones are the JohannsenPsaltis metric [53] , the Johannsen metric [54] , and the Konoplya-Rezzolla-Zhidenko metric [55] . Here we adopt the Johannsen metric to describe the spacetime geometry. Its most important properties are that: i) the metric is regular (no naked singularities or closed time-like curves) everywhere on and outside of the event horizon, just like the Kerr metric, and ii) it was explicitly shown that it is able to recover some black hole solutions in alternative theories of gravity for suitable choices of the free parameters. In Boyer-Lindquist coordinates, the line element of the Johannsen metric reads [54] 
where
and the four free functions f , A 1 , A 2 , and
The metric elements depend on the mass and spin of the black hole as well as on four free functions that measure potential deviations from the Kerr solution. The first order deformation parameters in these free functions are 3 , α 13 , α 22 , and α 52 . This metric exactly reduces to the Kerr solution for 3 = α 13 = α 22 = α 52 = 0. In the Kerr metric, the condition for the existence of an event horizon is |a * | ≤ 1, where a * = a/M = J/M 2 is the dimensionless spin parameter. If |a * | > 1, there is no horizon and the singularity at the origin r = 0 is naked. In the Johannsen spacetime, we still have the condition |a * | ≤ 1. Moreover, in order to exclude a violation of Lorentzian signature or the existence of closed time-like curves in the exterior region, we have to impose that the metric determinant is always negative and that g φφ is never negative for radii larger than the radius of the event horizon. These conditions lead to the following constraints on the first-order deformation parameters [54] 
In the present work, as a first step we only explore a nonvanishing α 13 , and we set to zero all other deformation parameters. Since the metric is singular for B = 0, we impose that B never vanishes for radii larger than the event horizon, and we obtain the following constraint
which is stronger than the requirement in Eq. (6).
III. X-RAY REFLECTION SPECTROSCOPY
The standard picture for an accreting black hole system involves an accretion disk and a compact corona of hot electrons (see Fig. 1 ). The accretion disk emits as a blackbody locally, and as a multi-temperature blackbody when integrated radially (see, e.g., Ref. [56] ). The temperature of the disk depends on the black hole mass, the mass accretion rate, the position in the disk, and at some level on the spin and possible deformation parameters. For a black hole accreting at ∼ 10% of its Eddington limit, the thermal emission of the inner part of the accretion disk is in the soft X-ray band (∼ 1 keV) for stellarmass black holes and in the optical/UV band (1 ∼ 10 eV) for the supermassive ones. Inverse Compton scattering of the thermal photons from the accretion disk off free electrons in a hotter (∼ 100 keV) plasma cloud, called the "corona", generates a Comptonization component, which is often modeled with a cut-off power-law spectrum. A fraction of the Comptonized photons illuminate the disk. The integration of these photons with the material of the accretion disk, which mainly includes Compton scattering and photoelectric absorption followed by fluorescent line emission or Auger de-excitation, produces the reflection spectrum.
The reflection spectrum is a rich combination of radiative recombination continua, fluorescent lines (most notably the iron K complex at 6 ∼ 8 keV), absorption edges, and a Compton hump at > 10 keV. This radiation carries information on the physical composition of the accretion disk and on the strong gravitational field around the black hole. The Fe K emission line (and other fluorescent lines) are broadened and skewed by relativistic effects (Doppler effects, gravitational redshift, and light bending). To illustrate the relativistic effect of the black hole, we show in Fig. 2 figure, we show the lines, keeping spin constant, for three representative values of the Johannsen deformation parameter α 13 . α 13 too changes the shape of the line and therefore, reflection spectroscopy can also be used to estimate the deviation from Kerr (see Ref. [57] for the effect of other Johannsen deformation parameters on the iron line shape).
We employ one of the standard software systems for analyzing X-ray spectral data, Xspec [58] . The reflection model most widely used in the past for both general application and measuring black hole spins is reflionx [59] . Recently, an improved reflection model, relxill, has been developed. It is based on the reflection code xillver [60] [61] [62] , and the relativistic lineemission code relline [63] [64] [65] . Compared to reflionx, relxill incorporates a superior treatment of radiative transfer and Compton redistribution, and it allows for the angular dependence of the reflected spectrum. Furthermore, by implementing the routines of the photoionization code xstar [66] , relxill provides an improved calculation of the ionization balance. At the same time, limitations of the model include assuming that the density of the disk is independent of vertical height and radius, that ionization is constant over radius, that the illuminating radiation strikes the disk at a fixed angle of 45
• , and that, apart from Fe, all the elemental abundances are assumed to be Solar. The results presented in this paper are derived using an extension of relxill to model the relativistically-blurred reflection component from the inner disk and xillver to model a distant reflector. The disk-coronal geometry is largely unknown and unconstrained, so we follow the usual assumption of adopting a (broken) power-law emissivity profile for the reflection emission as a pragmatic option.
By calculating the transfer function for a generic stationary, axisymmetric, and asymptotically flat black hole spacetime, an extended relativistic reflection model relxill nk has been constructed (see Ref. [57] for details on the model and Refs. [8, 50] for some results). Presently, relxill nk includes α 13 , α 22 , 3 from the Johannsen metric and the conformal gravity parameter L from the black hole solutions of [67, 68] as the deformation parameters. The analysis in this paper is limited to α 13 , which has the largest impact on the shape of reflection spectrum among the deformation parameters of the Johannsen metric; this means that the other deformation parameters are set to be zero.
IV. OBSERVATIONS, DATA REDUCTION, AND COMBINING SPECTRA
We use observations from the X-ray mission Rossi Xray Timing Explorer (RXTE) which has the principal detector the Proportional Counter Array (PCA) on board containing five Proportional Counter Units (PCUs), with sensitivity from 2 ∼ 60 keV. Despite the limited spectral resolution of the instrument (17% at 6 keV) the archive of PCA data amassed during the RXTE mission (1995 to ∼2012) continues to be excellent for the synoptic study of stellar-mass black holes. A few-dozen bright black holes were observed daily during their outburst cycles with typical exposure times of a few ks.
RXTE/PCA has several advantages. Prominently, it is free from the problematic effects of pileup, which is commonly a serious problem in analyzing and interpreting data for bright sources obtained using CCD detectors. Another attribute of the PCA, which has only recently been suprassed by NuSTAR, is its high-energy sensitivity, which allows observations of both the Fe K region and the Compton hump using a single detector. By implementing a calibration tool called pcacorr, the sensitivity of the RXTE PCA detector to faint spectral features (such as the Fe K line/edge) is increased by up to an order of magnitude [69] .
We test our non-Kerr model on GX 339-4 using the observations previously analyzed in Ref. [70] , because of the high signal-to-noise ratio of the data and because we can then compare the results here with those in [70] . For simplicity, here we only consider the brightest data from GX 339-4's hard state. We analyze just the data collected using the best-calibrated detector, PCU-2, which also provides the richest data set. In order to boost signalto-noise ratio, we combine a composite PCU-2 hard-state spectrum of GX 339-4 with a total exposure time of 46 ks, which is a summation of 23 individual exposures taken during the 2002 outburst, all of them corresponding to roughly the same source intensity (L/L Edd = 0.17 assuming a distance of 8 kpc and a black hole mass of 10 M ). The total number of source counts is 40 million and the counts-per-keV in the continuum at 6.4 keV is 4.4 million, while the total number of counts in the Fe K line region (3 ∼ 10 keV) is 28 million. FIG. 2. Normalized flux plotted as a function of energy at the observer using relline nk. The left figure plots Kerr cases, with the labels indicating the value of a * , while the right figure plots non-Kerr cases at a fixed a * = 0.9, with the labels denoting the value of α13. Inclination is fixed in both cases at 45
• .
V. SPECTRAL FITTING AND RESULTS
We proceed to fit the composite spectrum using our non-Kerr reflection code relxill nk [57, 71] . The Galactic absorption is modeled using Tbabs with fixed column density (N H = 4 × 10 21 cm −2 ). For the Tbabs model [72] , we used the set of interstellar medium abundances of Ref. [73] and the photoelectric cross sections of Ref. [74] .
We fit the spectrum to a succession of four models; the final adopted model yields a good fit with χ 2 ν ∼ 1. Table I provides detailed information on the quality of the fit for each spectrum and each model. In Fig. 3 , we show the spectrum residual plots for the progression of the four models, which we now describe.
Model 0: Tbabs*powerlaw. An absorbed powerlaw model, which is clearly deficient, prominently displays the principal reflection features, the Fe K line/edge and Compton hump, in the residuals (Fig. 3) .
Model 1: Tbabs*relxill nk. A greatly improved fit is achieved by adding our fully relativistic reflection model (relxill nk includes both a power-law and a reflection component). In order to allow for the possibility that the disk might be truncated at R in > R ISCO , we adopt an extension of the approach of [70] and fix spin to its extreme value of a * = 0.998, set the deformation parameter to zero, we leave the inner edge of the disk free, and assume the canonical dependence of disk emissivity with radius, namely ∝ r −3 . This model already delivers fits of reasonable quality (Table I) . Some pronounced residual features remain. Specifically, two apparent absorption features flank the Fe K line at ∼ 5.6 and ∼ 7.2 keV. Other features are also present at higher energies in the region of the Compton hump (20 ∼ 45 keV).
Model 2: Tbabs*(relxill nk+xillver). The residuals are significantly reduced by including an unblurred reflection component via xillver. Physically, this reflector could be cold material in a wind or in the 
FIG. 3. Contributions to χ
2 for the spectrum resulting from fitting a sequence of four models. From top to bottom, the models increase in completeness and performance, starting with an absorbed power-law model to which, incrementally, is added a blurred reflection component (relxill nk); unblurred reflection (xillver); and a Gaussian absorption line (gabs).
outer region of a flared disk. The xillver parameters which specify the composition and state of gas in the system but far from the black hole are linked to those of relxill nk with one exceptions: the ionization parameter was fixed at its minimum value, log ξ = 0. Inclusion of the xillver component, which introduces only one new free parameter, namely its normalization, quite significantly improves the fit. While the xillver component improves the fit at low energies and in the region of the Compton hump, a strong residual feature remains at ∼ 7.2 keV (Fig. 3 ) [70] . Model 3: Tbabs*(relxill nk+xillver)*gabs. Following previous analysis on these data [70] , we model the remaining residual feature near ∼ 7.2 keV phenomenologically as absorption using a single Gaussian. As found in previous work, it produces a very good fit to this spectrum, despite its extreme statistical precision (4 × 10 7 total counts), with an allowance for systematic error of only 0.1%.
Model 3 is the final model we adopt. We make the standard assumption that R in = R ISCO , as explored previously for this data [70] . This is the key ingredient to constrain the deformation parameter α 13 and a * . The reason is that R in (set equal to R ISCO ), α 13 (which has a significant impact on R ISCO ) and a * (which maps R ISCO one to one), are all interconnected and thus have a strong degeneracy waiting to be broken.
Starting from Model 3, we performed Markov Chain Monte-Carlo (MCMC) analysis using the emceehammer Python package [75] which implements affineinvariant sampling via the Xspec implementation described in [76] . With MCMC's great power in highdimensional analysis, we can explore efficiently the parameter space, and directly determine the posterior probabilities for all the model parameters, calculate the confidence contours and search for degeneracies. We utilize 80 walkers, which are initialized in a cluster distributed about the best fit we found in Model 3. Each walker has 870,000 elements in total, and the initial 400,000 elements are discarded as "burn-in" period during which the chain reaches its stationary state. As the autocorrelation length is typically several thousand elements, the net number of independent samples in the parameter space we have is order of 10 4 . Fig. 4 shows the data and the best-fit model (top panel) as well as the different model components (bottom panel). We show a corner plot with all the one and two dimensional projections of the posterior probability distributions of all free parameters in Fig. 5 . From the same figure we can also see which parameters are correlated and which are not. In particular, the deformation parameter α 13 is correlated with the black hole spin a * and the disk's inclination angle i, but not much with the other parameters. In Table II , we show the best fit val- ues with uncertainties for all parameters, based on the marginalized distributions we obtain from the MCMC run. Our results are largely consistent with those found in [70] under the assumption of the Kerr background.
In Fig. 6 we zoom into the a * vs. α 13 part of Fig. 5 . Several features can be observed here: Firstly, there is some degeneracy between the spin and the deformation parameter, as expected (see Sec. III for a discussion and Fig. 2 ). In particular, within 90% confidence a * = 0.92 +0.07 −0.12 and α 13 = −0.76
+0.78
−0.60 . Secondly, this result is consistent with previous constraints on α 13 , as reported in [8, 50] . Thirdly, the Kerr solution (α 13 = 0, indicated by a solid black line in the figure) is recovered within 90% confidence. Finally, we notice that the contours of degeneracy obtained here with an MCMC analysis are comparable to those obtained in [8, 50] . This does not imply that there are no systematic errors, an issue that will be examined further in a separate work.
VI. SUMMARY AND CONCLUSIONS
In this paper, we have applied the first non-Kerr full Xray relativistic reflection spectral model to test the Kerr nature of an astrophysical black hole. Since we now have more sophisticated reflection models, like the relxill family, we have taken a step forward and begun analyzing available X-ray data on specific sources available in archive to demonstrate that tests of the spacetime metric around black holes are possible.
There are currently a number of uncertainties in the astrophysical model limiting the ability to perform accurate and precise tests of the Kerr metric using X-ray reflection spectroscopy. The uncertainty in the corona geometry does not permit to have a robust prediction of the emissivity profile for the reflection emission and the commonly adopted power-law or broken power-law emissions are quite crude approximations. The disk is assumed to be infinitesimally thin and the inner edge is set at the ISCO radius, while we know that the disk thickness increases as the mass accretion rate increases and, for high accretion rates, the inner edge of the disk may be at a radius smaller than R ISCO . There are still a number of simplifications in the calculations of the reflection emission in xillver: the ionization parameter is constant over radius, the electron density of the disk is fixed and probably too low for some accretion disks, thermal photons from the accretion disk are ignored in the radiative transfer calculations of the reflection emission, etc. Work to remove these simplifications is under way and strictly compulsory if we want to try to use this technique to perform precise tests of GR.
In the present work, we have analyzed a composite spectrum from the detector RXTE PCU-2 on GX 339-4 with the highest observed luminosity. We have only explored the Johannsen deformation parameter α 13 , which has the largest impact on the ISCO radius, and thus on the shape of reflection spectrum, among the deformation parameters of the Johannsen metric. Our final measurement on the black hole spin parameter a * and the Johannsen deformation parameter α 13 are (at 90% confidence level) a * = 0.92 
The field is in a nascent state, and despite these being the strongest constraints on Kerr deformation parameters yet, this work is still exploratory and limited by modeling systematics. The avenues for improvement include better data (with new telescopes coming up in next decade), better modeling of the disk, corona and other aspects of the black hole neighborhood (to account for systematic errors), more top-down metrics (for physically relevant deformation parameters) and better bottom-up metrics (for more comprehensive range of deformation parameters), among others. 
